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SIMULTANEOUS EQUATIONS

OVERVIEW OF THE TOPIC

* Elimination method
SIMULTANEOUS | § 2 SIMULTANEOUS LINEAR tination metho

EQUATIONS EQUATIONS
8— 2 key areas

Substitution method
® NON-LINEAR EQUATIONS * Pubstitution metho
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8— 2 SIMULTANEOUS LINEAR EQUATIONS

Objective:  Solve 2 simultaneous linear equations using either elimination or substitution method

]

]

Simultaneous equations are equations that have common unknowns and therefore

needed to be solved together.

2 simultaneous linear equations are of the form:

where
x and y are common unknowns
and ay, a,, by, by, ¢4, C, are constants

2 simultaneous | a1y +bix =¢;
linear equations | aqy +byx =y

To solve 2 simultaneous linear equations, the method commonly used is elimination

method (although substitution method can also be used):

step @
’ Eliminate one unknown first by equating (multiply or divide)
and cancelling out (add or substract) an identical term
©) step @
Elimination Solve the equation for the remaining unknown
Method | gtep ©
Substitute the solution obtained in @ into any one of the

equations to solve for the eliminated unknown
(usually 1 solution to each unknown)

STOP AND THINK

[Ql Solve the following simultaneous equations:
3x—-4y =11
Tx-5y=4
CSOLUTION >
Sx—4y=11-eoen 1)
Tx =By =4 oo 2)
(1)x5: 15x—20y =55 --eee- (3)
(2)x4: 28x—20y=16 --------- (4)

4)-(3): (28x-20y) - (15x —20y) =16 -55
= 28x-15x=-39

= 13x=-39
O x=-3
Substitute x=-3 into (1): 3(-3)-4y=11
=  —9-4y=11
= -4y =20
O y=-5

O x=-3,y=-5 (Ans)
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8— NON-LINEAR EQUATIONS

Objective: Identify non-linear equations and use substitution method to solve the equations

M Any equation not in the form of | ay+bx=c | is considered non-linear equation.

I When we deal with non-linear equations, there can be more than one solution.
Elimination method may not able to help us obtain the answer.

M A pair of simultaneous equations, one linear and one non-linear, or both non-linear,
are usually solved using substitution method:

step ©
Express one of the unknowns in terms of the other unknown
in one of the equations to form a new expression

(use linear equation first, if there is one)
@

Substituti step @
ubstitution . . .. .
Substitute this new expression into the unused equation
Method
and solve for the unknown
step ©

Substitute the solution(s) obtained in @ into the new expression
to solve for the other unknown

ExamTp T 5>

When we solve 2 simultaneous equations, the solutions are actually the intersection points

(x and y coordinates) of the 2 intersecting curves (or straight lines) represented by the simultaneous
equations.
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STOP AND THINK

[Q] Solve the following simultaneous equations:
3x+4y=2
x? +8xy +12=0

< SoLUTION >

From (1): 3x+4y=2
= 3x=2-4y
2-4y

g (3)

= X=

Substitute (3) into (2):

x%+8xy+12=0
2
2-4y 2-4y _
( 3 )+8( 3 )y+12—0
4-16y +16y” 16y -32y”
9 3
4-16y +16y” +3(16y -32y%) +(9)(12) = 0
4-16y+16y% +48y-96y2 +108 =0
-80y2 +32y+112=0
5y2-2y-7=0
(5y=7)(y+1)=0

U

+12=0

x9:

LU R e

; 2- 4(%)
Substitute ¥ =5 into (3): x =—3
_ 18

= x=

5

O x:—l%,y=1§ or x=2,y=-1 (Ans)



9 ) GCE ‘O LEVEL
Additional Mathematics KEY-POINTS ) No.1 Simultaneous Equations

SAMPLE QUESTIONS

1. Solve the following simultaneous equations:

(a) x+2y=8
3x+y=9

(b) 1lx+2y=10
9x -7y =0

() x2+y%=13
3x+y=9

) x(3+y)=30

¥(2+2x)=28
2 3 _
(e) ;*’;—13
L:ﬁ
xy
f) 3y=5-x
y x

2. Given that (a,7) is a solution of the simultaneous equations 3x —y =8 and bx? - xy+9= y2 ,
find
(a) the value of a and b,
(b) the coordinates of the other solution.

3. Given that the difference between 2 positive numbers is 5 and the sum of their squares
is 377, find the numbers.

4. Find the coordinates of the points of intersection of the line x+y=3 and the curve

x2—2x+2y2:3.

5. The line y=2x-3 meets the curve 3x%2-y?-3x-5y+6=0 at A and B. Calculate the
coordinates of A and B.

6. The simultaneous equations ax +by =8 and a?x-b%y =-10 have a solution x =2, y=3.
Find the values of the constants a and b.
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WORKED SOLUTIONS

(@) x+2y =8 e (1)
3X+y =9 oeies 2
(2)x2: Bx+2y =18 veveee 3)
)= 5x =10
O x=2
Substitute x =2 into (1) 2+2y =8
= 2y =6
O y=3
0 x=2,y=3 (Ans)
(b) 1Ix+2y =10 --revveee 1)
OX =7y =0 eneee (2)
(1)x7: 77x+14y =70 --------- 3)
(2)x2: 18x-14y =0 -----e-- (4)
(3) +(4): 95x =70
_70
| X‘ﬁ
=14
~19
: _14 . . 14 _
Substltutex—ﬁmto (1: 11[ﬁ]+2y-10
_4n_ 154
= 2y =10 S
_e 17
O y=5 19
_18
1
_14 _18
0 x=4g,¥=1g (Ans)
(c) X2+y2:13 ......... (1)
3X+y =9 erienn 2
From (2): 3x+y=9
= y:9—3x ......... (3)

Substitute (3) into (1):
X2 +(9-3x)7 =13

= x?2+81-54x+9x%2 =13
= 10x% -54x +68 =0
= 5x% -27x+34=0
= (5x=-17)(x-2)=0
= 5x-17=0 or x-2=0
_17 x=2
X=%5
Substitute x =2 into (3): ¥ =9-3(2)
=3
Substitute x:% into (3): y:g—3(%)
-_5
5
.
= 15
2 1

0 x=2, y=8or x=35,y=—1§ (Ans)

(d)

X(3+y)=30 oo ()
y(2+2x)=28 -oooonn )
From (1): x= 33;_0}/ ......... 3)

Substitute (3) into (2):

y(2+2x33+0yj=28
60y
3+y
2y(3+y)+60y =28(3+y)
6y +2y2 +60y = 84 +28y

2y2 +38y -84=0

y2+19y -42=0

(y+21)(y-2)=0
= y+21=0 or y-2=0
y=-21 y=2

2y + =28

bUu U Ul

Substitute y =-21 into (3): X:ﬁ

. A .. _ 30
Substitute y =2 into (3): x-3+(2)

=6

0 x=-12, y=-21 or x=6,y=2 (Ans)

Substitute (3) into (1):

2 _
7+3(6X)—13
2+18x% =13x

=

= 18x2-13x+2=0

= (9x-2)2x-1)=0

= 9x-2=0 or 2x-1=0
=2 x=1
-9 2

Substitute X=% into (3):

<
1

/N
n| ©
N—

I
N N N |
oy
N
n

Substitute X=% into (3): ¥

(Ans)

O

<

I
©|N
<

I
Al
=}

<

I
| —
<

I
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By =5—Xrueeunns (1)
X, 8y _
7+7—6 ......... )
From(1): x=5-3y ccooee-- (3)

Substitute (3) into (2):
5 y3y + 5?};}/ -5
(5-3y)’ +8y? =6y(5-3y)
25-30y +9y? +8y? = 30y —18y>
35y2 —60y +25=0
7y?-12y +5=0
(7y-5)(y-1)=0

tuu Ul

U
~
<
|
[6)]
1
o
o
=
<
L
|
o

Substitute y :% into (3): x=5- 3(%)

Substitute y =1 into (3): x =5-3(1)

6 5
O x=27,y=7 or x=2,y=1 (Ans)

BX =y =8 eeneene (1)
bxz—xy+9:y2 ......... (2)
Since (a7) is a solution to the equations,
From (1): 3a-7=8
= 3a=15
0O a=5 (Ans)

From (2): b(5)° - (5)(7) +9 =(7)?
= 25b-35+9=49

= 25b=75
O b=3 (Ans)
3x—y:8 ......... (1)
X2 —xy+9=y% i @)
From (1): y=3x-8------e-- 3)

Substitute (3) into (2):
3x2 - x(3x - 8) +9 = (3x - 8)°
3x2-3x2+8x+9=9x>-48x +64
9x2% -56x +55=0
(9x -11)(x-5)=0

L

9x-11=0 or x-5=0
1" x =5 (given)
9

—_

X =

Substitute x = g into (3): y= 3(&) -8

9
=13
-3
=41
= 43
1o 1
0 X=g,y= 43 (Ans)

Let the 2 positive numbers be x and y.

Substitute (3) into (2):
(5+y)* +y? =377
25 +10y + y? +y? =377

=

=  2y?+10y-352=0

= y2+5y-176=0

= (y+16)(y-11)=0

= y+16=0 or y-11=0
y =-16 (rej.) y=1

Substitute y =11 into (3): x =5+(11)

=16

O the 2 numbers are 16 and 11. (Ans)

X+y =3 eeene (1)
X2 =2x+2y2 =3 e @)
From(1): x=83—-y.ereen (3)

Substitute (3) into (2):
(3-yf-2(3-y)+2y2=3

= 9-6y+y2-6+2y+2y°=3

3y?-4y=0

y(3y-4)=0

Uy

Substitute y =5 into (3): x=3 —%

I
-
W[

O the points of intersection are (3,0) and

(1%, 1%) . (Ans)
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5. y:2x—3 ......... (1)
8x2 - Y2 -8x -5y +6=0 e (2)

Substitute (1) into (2):
3x2 - (2x -3)? -3x -5(2x ~3) +6 =0
3x%2 -4x% +12x-9-3x-10x +15+6=0
x> +x-12=0
(x=3)(x+4)=0

e Uil

x-3=0 or x+4=0
x=3 X =-4

Substitute x =3 into (1): y=2(3)-3
=3

Substitute x =-4 into (1): y=2(-4)-3
=11

O Ais(3,3)and Bis (-4, -11)

orAis (-4,-11) and Bis (3,3) (Ans)

6. Substitute (2,3) into the 2 equations:

28+3D=8 cerrenn )
282 -3b2 = =10 --eoneee @)
From (1): a= 8 _23b --------- (3)

Substitute (3) into (2):

2
2[8‘23") -3p2=-10

_ 2
_ 64 482b+9b _3p2=—10
= 64-48b+9b% -6b%=-20
= 3b% -48b+84 =0
= b -16b+28=0
= (b-14)(b-2)=0
= b-14=0 or b-2=0
b=14 b=2
8-3(14
Substitute b=14 into (3): az%
=17
8-3(2)

Substitute b=2 into (3): a= 5
=1

0 a=1,b=2 or a=-17, b=14 (Ans)
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COORDINATE GEOMETRY

OVERVIEW OF THE TOPIC

® GRADIENT CONCEPT

® ABOUT STRAIGHT LINES * Mid-point

e Distance formula

e Collinearity

e Perpendicular lines

COORDINATE
GEOMETRY

& 6 key areas

AREA OF POLYGONS

EQUATIONS OF STRAIGHT LINES

e Linear Law

STRAIGHT LINE GRAPHS

e Non-linear functions

é | @& é é

Equation of a cirel
FURTHER COORDINATE GEOMETRY | auation of a circle

e Graphs of y = ax" and
y?=kx
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&~ GRADIENT CONCEPT

Objectives: « Define the gradient of a line segment via its end-points
» Understand the relations between the slope of a given line and the x and y intercepts

yA
B(xz, yz)

)

A(xla yl)A/

0

» X

M For any 2 given points A(x;, y;) and B(xg, y5), the gradient of the line AB is:

Gradient of a line - Yo —M or Y1~ Y9 | ycoordinates always

(2 given points) A X9 —Xq X1 —X9 | ontop of x coordinates

M @ is the angle of slope; the angle between the line and the positive direction of x-

axis.

Tofindangle 8 | tanf8=m | mis the gradient

I  Remember these:
©® Gradient of horizontal line = 0.

EXAMPLE Gradient of (-1, 1) and (2, 1) = = _(El)
same y value
gives a
horizontal line =

2-
-0
3
0
tan6=0

8 =0° or 180° « ahorizontal line

® Gradient of vertical line is .
® Parallel lines have same gradient.

YA
EXAMPLE
CEXAMPLE 5 A

AB and DC have same gradient.
AD and BC have same gradient.
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STOP AND THINK

[Q] The line joining (-1,-1) and (p,0) is parallel to the line joining (p,-2) and (11, 2).
Find the value of p.

CSOLUTION >
Gradient of (-1,-1) and (p,0) = Gradient of (p,-2) and (11,2):
0_ —_ _( =
0-(1)_2-()
p-(-1) 11-p
14
p+l 11-p
= 11-p=4p+4
= 5p=T7
0 p=1% (Ans)

STOP AND THINK

[Q] Two lines are drawn from P(-1,-3), one to Q(4,2) and the other to R(-4,2). What

are their angles of slope?

< SOLUTION >

[\

— (_3

~—

Gradient of PQ =

|
|
[y
~—

oot

tand=1
0=45°

O PQ is sloped 45° to the positive x-axis. (Ans)

. _2-2
Gradient of QR = =i

=0
0O QR is parallel to the x-axis. (Ans)

Gradient of PR = _Z_ﬂ

4-(-1)
-5
-3
tané’:_i3
=121°

O PR is sloped 121° to the positive x-axis. (Ans)
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& MID-POINT

Objective:  Find the mid-point of any 2 given points

YA
Axy, 1) B(x, ¥2)

mid-point

D(X4, y4) C(‘xS’ y3)

X

0

M  The mid-point of any line segment formed by 2 points A(x;, ¥;) and B(xg, yg) is:

Mid - point of a line X1+tXx Y11Ye
(2 given points) 2 7 2

M Given a parallelogram ABCD with A(xq, y1), B(xg, y3), C(x3, y3)and D(xy, y4),
then mid-point of AC = mid-point of BD.

mid - point of AC = mid - point of BD
Mid - point of a

parallelogram | — [x1;x3’ y1;y3):[x2;x4’ yz;ﬁ%)

& DISTANCE FORMULA

Objective:  Find the length of any line segment joined at its 2 given points

M Distance between 2 given points A(x;, y;)and B(xg, y3) is also known as the
magnitude of AB or the length of AB.

Distance of a line \/(x . )2+( ~ )2
(2 given points) 1 *2 Y172

& COLLINEARITY

Objective:  State the conditions of collinearity

I  When 3 or more points lie on a single straight line, we say that the points are
collinear. If 3 points A, B and C are collinear, then:

Collinearity

(3 given points) gradient of AB = gradient of BC = gradient of AC
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STOP AND THINK

[Q] If the points (-3,-2), (-1, p—2) and (p,7) are collinear, find the two possible values
of p.

CSOLUTION >
gradient of (-1, p-2) and (-3,-2)= gradient of (p,7) and (-3,-2)

p-2-(-2) _7-(=2)
(8 p(9)
= g=p?—3
= p(p+3)=18
= p?+3p-18=0
= (p-3)(p+6)=0
p-3=0 or p+6=0

p=3 (Ans) or p=-6 (Ans)

8— PERPENDICULAR LINES

Obijectives: -« Identify the characteristics of perpendicular lines
* Make use of the characteristics of perpendicular lines to solve problems

YA

gradient m;

gradient mqy

» X

0

M If my; and my are gradients of two perpendicular lines (intersect at 90°), then:

Gradients of « — _ 1 h
2 perpendicular lines | ™1 %2 = or =T, | e Mi#0, m#0

ExamTrr T3>

A parallelogram has parallel opposite sides of the same length but the adjacent sides are NOT
perpendicular to each other.

A square has 4 equal sides (parallel opposite sides) and are perpendicular to each other.
A rhombus also has 4 equal sides but with ONLY perpendicular lines crossing at its mid-point.
A perpendicular bisector cuts another line at its mid-point at 90°.
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STOP AND THINK
[Q] Find the gradient of a line perpendicular to the line joining the points (a,3a) and

(2a,-a).
<sowron >
3a-(-

Gradient of (a,3a) and (2a,-a) = a-(-a)
a-(2a)

4a

T -a

-4

8 AREA OF POLYGONS

Apply the general formula for finding area of a

polygon given the coordinates of the vertices

Objective:

4 C(x3, y3)

B(xz, ¥2)

A(xl, yl)

M Given vertices A(xy, y1), B(xg, ¥o) and C(xs, y3), the area of AABC is

arrange the 3 points

1ixy x9 x3 x4 in anti-clockwise
Areaof | 2ly; ¥y y3 ¥ direction ends
AABC 1 with the start point
= g‘(xlyz tx9yg t x3y1) - (x2y1 tX3Yg T X1Y3 )‘
x1 X9 X3 X714 -
arrange (11213 1 in cross pattern ‘\\\‘ ‘///‘
ExamTir T 5=

This formula is applicable to all types of polygons.
Note that the vertices must be arranged in anti-clockwise direction.
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STOP AND THINK

[Q] Three points have coordinates O(0,0), A(5,0) and B(7,6). If P is the point (x, y),
where y >0, calculate the value of x and of y given that AP = BP, and that the area
of AAOP is 10 square units.

SOLUTION

AP =[(5-x)? +(0-y)*

= (5—x)2 +y?

BP :\/(7 -x)* +(6-y)

AP =BP

JB-2)% +5% = (7-x)? +(6-y)°
(5-2)" +y% =(7T-x)" +(6-y)’
25-10x +x2 + y2 =49 - 14x +x2 +36 =12y + y?
25-10x =85 —14x - 12y
4x +12y =60
x+3y:15 ......... (1)

U

LUyl

Area of AAOP =10 units?

15 0 x 5 _
= E‘o 0 y 0“10

1
= 510-55=10

= 5y=20 (sincey>0)
O y=4 (Ans)

Substitute y=4 into (1): x+3(4)=15
0 x=3 (Ans)
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8— EQUATIONS OF STRAIGHT LINES

Objective:  Use necessary information to form linear equations

I  The general form of a linear equation (a straight line) is:

Linear Equation | y=mx+c where m is the gradient, cis y-intercept

YA
y=a By knowing any 2 points of a
. y=mx+c straight line, we can:
(%2, ¥2) O find the gradient, m
¢ b= i — i’ 1 ® substitute any 1 point and value
(o1 y%‘“""" 2 of m into y = mx + ¢ to find ¢
i 5 - ©® find the equation

M  Horizontal lines have equations of the form y=a. (y =0 is the x-axis.)

M  Vertical lines have equations of the form x=a. (x=0 is the y-axis.)

ExamTip T 5>

There are 3 ways to present linear functions:
(1)  General form: ax+by+c=0

(2)  Gradient-intercept form: y =mx+c

(8)  Double intercept form: §+%=1

STOP AND THINK

[Q] Find the equation of the line perpendicular to the line 2y-3x+6=0 and passing
through the point (6,1).

< SouTIoN >
2y-3x+6=0 Gradient of line = %

= 2y=3x-6 5

3 Gradient of Oline=-=

= y= Ex -3 3

Equation of O line: y = —gx +ec

3
. . 2 _ 2
Substitute (6,1) into y=-gxte: 1——§(G)+c
1=-4+c¢c

c=5

0O Equation of O lineisy = —%x +5 (Ans)
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8— STRAIGHT LINE GRAPHS

Objectives:

« Convert straight line equations into equations of higher order
* Reduce non-linear functions to the linear form y=mx+c

@1 Linear Law

]

For two variables X and Y related by the linear equation , the

graph is always a straight line with m as the gradient and c the Y-intercept.

CEXAMPLE >

—5—4%—2—1 1 2 3 4 5 x
-1
m:_?zz—l _f
QD
/62—4
—4
-5

@1 Non-linear functions

]

Any functions not in the form of y =mx+c are considered as non-linear

functions. These functions are not straight lines, their variables x and y do not
follow a linear relationship.

Linear Law can be applied by expressing a non-linear equation in the form

Y =mX +c, where X and Y are expressions in x and/or y, and m and c are
expressions in a and b (the unknown constants) respectively.

Now a straight line can be plotted and the values of the unknown constants
a and b can be obtained from:
® the graph, or

® by substituting the values of two ordered pairs in the equation and solving
the two equations in m and ¢ simultaneously.
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M  The following table shows some examples of non-linear functions being

converted to linear form: Y =mX +c:

Non - linear functions X v
m | ¢
0 SPEE  y =mX +e
1) |y=ax" +b x" y a b
1
2) y:xin‘l'b x—n y a b
3) l:ax”+b x" 1 a b
y Yy
4 |y=ax?+bx = | L=ax+b x pa a b
X x
3 3
2 3 = ¥y _1l_a Y _ae | 1
8) |ax" byt =x = | =gy x r b | b
a,b_ 1_n_afl 1 1 J_a|n
6 x y n= y b blx x y b b
_a 1_1__b 1 1 1.8
7) y_x—b = E_Ex a x y a a
8) xy:%+bx:> x2y=bx? +a x2 x2y b a
9) y=ax?+bx+c = %zax+b X y;c a b
(cis a known constant)
10) | y=ax? = |lgy=blgx+Iga lgx Igy b |lga
1) | y=ab® = |lgy=xlgb+lga x lgy Igb |1ga
— b o
jg) | Y=nmax” = lg(n-y)=blgx+lga lgx |lgn-y)| b |lga
(nis a known constant)

Plot Y against X
to obtain a straight line
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STOP AND THINK

[Q] The diagram shows part of a straight line A(1,2) and B(3,0) drawn to represent

the equation y=1-ax®, where a and b are constants. Find the values of a and b.

Ig(1-y) 4
A(L,2)
> lgx
0 B(3,0)
CSOLUTION >
Gradient of the line = %

=-1

Equation of the line: 1g(1-y)=-1gx +¢
= 2=-1+c¢
c=3

lg(l-y)=-1lgx+3

A

xy = x —1000
1000
X
y=1-1000x""

y=1-

since y=1- ax?,

a =1000 (Ans)
b=-1 (Ans)
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STOP AND THINK

[Q] (a) The table shows experimental values of two variables u and v.

u

1

2

3

5

v

59

5.6

58

6.0

6.2

It is known that u and v are related by an equation of the form u = (—

where a and b are constants.

],

Draw the graph of nu against u for the given data and use it to evaluate

the value of ¢ and of

b.

(b) The diagram shows part of a straight line graph drawn to represent the equation

x% =10%7%. Calculate the value of a and of .

v

(1,5.00)

(10,9.37)

SOLUTION

@ :(““*bf

v

_au+b
ﬁ_ v
vx/;:au+b

Plot vx/; against u.

Gradient = a
intercept = b

u 1 2

wu |59 |792

10.05

12

13.86

From the graph:

_12-59
T o4-1

=203 (3 sf) (Ans)

b=39 (Ans)
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T
o
— 14
(4,12)
T 12
/
10 v,
u =au+b , /’
7
/
/
/
- 8 )/
/
/'
/
/
/|
/
/I
el L) A
/l
//
I,
A/'
/
/
Ao
J/
/7
T 2
0 1 2 3 4 5
i T | &N 1 T
. . _937-5_437
(b) Gradient of line = 10-1 - 900
Equation of the line: y= 333 Igx+c
_ 437 463
53007 = =455
437 463
0y =g00'8% 4500
@=1077° By comparison,
lgx® =1g10°™ a=5T " (Ans)
algx=y-b 991%3
y=algx+bd b=4—— (Ans)

900
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8— FURTHER COORDINATE GEOMETRY

Objectives: -+ Find the equation of a circle given the centre and radius, and vice versa
» Draw the graphs of y=ax” and y*= kx

é Equation of a circle

M  The circle is defined as the locus of a point moving at a given distance (the
radius) from a fixed point (the centre of the circle).

M Let P(x,y) be any point along the circumference of a circle with centre (a,b)
and radius r on the x-y plane.

YA

From right - angled ACQP: This is the same as applying Distance Formula,

CQ2 + QP2 =Cp?2 but the purpose is not to find the distance
92 2 _ 4 of the radius r.

= (x - a) + (y B b) =r When (a, b) is a fixed point and with

known radius, changing the values of (x, y)

will give the circumference of a circle.

. with given centre (a, b) and radius r,
Circle —

2
Formula (x - a)2 + (y - b) =r2 apply this formula to find equation

of a circle

M  If a circle has the origin (0,0) as the point of centre (a,b), then the equation

is x2+y =r

¥ General Notes: N , ,
Equation x2+y2 +2ax+2by+d =0 (1) coefficient of x> and y
of a circle must be the same

(2) no 'xy' term
rearrange = (x+a) +(y +b)2 -a?-b%2+d=0

to find centre - (x+a)2 +(y+b)2 —a2+b2-(d

and radius
0 centreis (-a, - b), radius = VaZ +b2-d
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STOP AND THINK

[Q] (a) Find the equation of the circle with centre (2, 1) and radius = 4 units.
(b) Find the centre and radius of a circle whose equation is x2 +y? —6x+4y+4=0.

SOLUTION

(a) Substitute (2,1) and r=4 into circle formula:

(x-2)" +(y-1)" = (4)*
x?-4x+4+y?-2y+1=16

=
=  x%2+y?-4x-2y-11=0 (Ans)
(b) x2+y2 -6x+4y+4=0
= x®-6x+y’+4y+4=0 « | 'complete the square' method |
o (-3 -3 (54D -2 +4=0
= (x-8)"+(y+2)" =(3)’
O centre is (3, - 2) and radius = 3 units (Ans)

STOP AND THINK

[Q A diameter of a circle x* + y® —4x -2y +3 =0 passes through (1, 3). Find the equation
of this diameter.

CSOLUTION >
x2+y2—4x—2y+320
= x2—4x+y2—2y+320
= (x-2)%-4+(y-1)>-1+3=0
- (x-2)" +(y-1"-2=0
2
= (x=2)" +(y-1)" =(2)

O centreis (2,1)

Since the diameter passes through (2,1) and (1,3),

gradient of diameter = %
=-2
At (1,3) and m=-2: y=mx+c
3=-2(1)+c
c=5

0 Equation of diameteris y =-2x+5 (Ans)
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M A power function y=ax" (where a is a constant >0 and n is a simple rational

m
number such as %, %, % ...etc) given as | y=axn has the following groups of
graphs:
1 m
= — n
O y=axr @ y=ax

when n is even & positive, m =1

y:a’% = x>0

(range of curve: y > 0)

when n is even & negative, m is odd

= x#0,x>0

when n is odd & positive, m =1

y=aix = allx

(range of curve: all y)

(range of curve: y > 0)

y A |
y=at Y
L

=x

/y 1
<—y:x6
N1
y=uxb yox?

0 - 0 x

1 m
® y=ax" ® y=ax®

when n is odd & negative, m is even

(range of curve: y > 0)

= x#0, all x

the negative reverse side.

[Note: The curves look like @ but with ]

y A 1 Vi

y=x3

4 1

y=x°

X1

y=x" 2
| o

o L | \3 0 x

Note: If m=1, the curves will have

the negative side in reverse position
as shown.
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ExamTip T 5>

even = only +ve x

odd = all x

positive = 'S’ pattern
negative = 'C' pattern

step @ let n decides domain of x first: {
step ® sign of ndecides pattern of curve: {

step ® then mdecides range of y: {even = only +vey }mz should not

odd = ally overrule domain of x

M  Parabola of basic equation y2 =kx (k¢ 0)

® The curve is symmetrical about the x-axis.

® The vertex is always at the origin (0,0).

O y?=Fkx @ y?=kx
when % > 0, x must be positive when % <0, x must be negative
yA v
0 - 0

STOP AND THINK

[Q] On the same xy-axis, sketch the graph of y2=9x and y? =—4x .

CSOLUTION >
v

I

—4x

y2:9x

RV

<
Il

(Ans)
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TRIGONOMETRY

OVERVIEW OF THE TOPIC

e General angles

® GENERAL ANGLES
e Basic angles

e Definition of trigonometric ratios

@ TRIGONOMETRIC RATIOS | {74 o qo b

OF ANY ANGLES

e Negative angles

e Complementary angles

¢ Finding values using special
angles

® SOLVING TRIGONOMETRIC
EQUATIONS

« Understanging basic tri
TRIGONOMETRY |  TRIGONOMETRIC GRAPHS nderstanging basic trigo curves

&— 6 key areas

e Applications of trigo functions

e The reciprocal trigonometric

® TRIGONOMETRIC functions

IDENTITIES

e Relationships between sin6, cos6,
tan®

e Pythagorean identities

¢ Proving identities

C d angle formul
® FURTHER TRIGONOMETRIC | o rmpoundangie formuiae

IDENTITIES e Double-angle formulae

e Half-angle formulae

e Factor formulae

e R-formula
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8~ GENERAL ANGLES

Objective:  Extend the knowledge of general and basic angles and relate them to trigonometric ratios

@1 General angles

-270°

\g 900 - -360°
> —
360° Q 90

Let 0 be the general angle from 0° to 360°

sy

2

270°

M In a cartesian plane, for an angle 6 measured from the positive x-axis, 6

is a positive angle if it is measured in an anti-clockwise direction. 8 is a
negative angle if it is measured in a clockwise direction.

[ These angles are known as general angles in the four quadrants.
Vi

(between 90° to 180°) (between 0° to 90°)
0 in 2nd quadrant 0 in 1st quadrant

s
<Y

0 in 3rd quadrant 0 in 4th quadrant
(between 180° to 270°) (between 270° to 360°)
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6 Basic angles

M  The angle, a, which is the positive acute angle (an angle between 0° and
90°) made by the arm OP and the x-axis, is known as the basic angle,

associated angle or the reference angle.

| Every general angle (6) has a corresponding basic angle (a).
YA p p YA YA YA
o o 0 0
o . N N R
(@) O o ) \3 o
6
P P
0 in 1st quadrant, 0 in 2nd quadrant, 0 in 3rd quadrant, 0 in 4th quadrant,
if we know a, then if we know a, then if we know «, then if we know «, then
6=a) (6 =180°-«) (6 =180°+at) (6 =360°-ar)

STOP AND THINK

[Q] Find the basic angles, a, of the following positive general angles.

(@) 6=160°

(b) =215

(© 6=312°
CSOLUTION >

(a) 160° is in 2" quadrant, basic angle
(b) 215° is in 3" quadrant, basic angle

(¢) 312° is in 4% quadrant, basic angle

a =180°-160°=20°
a =215°-180°=35°
a =360°-312°=48°

(Ans)
(Ans)
(Ans)
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8— TRIGONOMETRIC RATIOS OF ANY ANGLES

Objectives: + Know the 3 trigonometric ratios (sine, cosine, tangent) and relate them to general and basic
angles
« Evaluate the values of trigonometric ratios of special angles without using calculators

é‘ Definition of trigonometric ratios in 4 quadrants

I  We can define the 3 primary trigonometric ratios siné, cosd and tan & by using

the right-angled triangle rule.

P(x, y)
r i y
0 1~ ~right-angled
0] X

M Suppose a point P(x,y) lies in the lst quadrant where 6 is acute and the
length OP is r units. Then:

g =2
s1n6’—7 din 1st quadrant:
remember the basic rules: cosf=% all ratios have positive sign

y since x and y are positive
tan 0 = E

M However, if P(x,y) lies in the other quadrants where 6 is not acute (the signs

of x and y depend on which quadrant they are in), then we need to use its
corresponding basic angle, @, in order to define the 3 trigonometric ratios.

Y i YA Y YA
P(x,y) | P(-x, y) 0
P o F ™ . N
r/ E AN I 0 Q o
‘\oc i i L« 0 i r NG
AN S SR I ! !
° i © P(-x,-y) P(x,-y)
0 in 1st quadrant i 0 in 2nd quadrant 0 in 3rd quadrant 0 in 4th quadrant
o=6 i o =180°-6 o =6 -180° o =360°-0
sing =X | sino = 2 sina = -2 sina = -2
r i r r r
cosH = x E cosoL = X cosoL = X coso = x
r : r r r
tan® = 2 ! tana = -2 tana =2 tana = -2
x ' x X x
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M  In general, with any angle 8 and basic angle a, if 6 is in:

©)

1%¢ quadrant

sinf@=sina
cosfd=cosa
tan@=tana

2 quadrant

sin@d=sina
cos@=-cosa
tanfd=-tana

convert fto a

convert ato 8

a=180°-6

6=180°-a

3™ quadrant

sin@=-sina
cos@=-cosa
tan@=tana

convert 8to a

convert ato 8

a=6-180°

6=180°+a

4t quadrant

sin@d = -sina
cos@=cosa
tanfd=-tana

convert dto a

convert ato @

a =360°-6

6=360°-a

M  After reducing general angle 6 to basic angle a, apply the following sign

table:

y

only sine
is positive

all positive

only tangent
is positive

only cosine
is positive
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STOP AND THINK

[Q] Find the 3 trigonometric ratios in terms of its basic angle of each of the following

angles:

(a) 230°

(b) 305°

(c) 420°

(d) 500°
< SowTIoN

(a) (Hin 3™ quadrant, only tangent is + ve, @ =230°-180°=50 °)

sin230°= —-sin50° (Ans)
c0s230°= —cos50° (Ans)
tan230°=tan50° (Ans)

(b) (Hin 4th quadrant, only cosine is + ve, a =360°-305°=55 °)

sin305°= -sin55° (Ans)
c0s305°=cos55° (Ans)
tan305°= —tan55° (Ans)

() 420°>360° (fhas completed 1 round and restarted again)
420°-360°=60° (Hin 1%* quadrant, all + ve, basic angle is the same)

sin420°=sin60° (Ans)
c0s420°=cos60° (Ans)
tan420°=tan60° (Ans)

(d) 500°>360°
500°-360°=140° (Hin gnd quadrant, only sine is +ve, a =180°-140°=40 °)

sin500°=sin40° (Ans)
c0s500°= -cos40° (Ans)
tan500°= -tan40° (Ans)
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é‘ Negative angles

I  For any angle 8 with negative value, i.e. measured in clockwise direction,

just remember the following and then reduce to basic angles:

®

sin(-6) = -sin &
cos(—6) =cos

applying the easy rules first,
then reduce to basic angles

tan(-6) = -tan @

é‘ Complementary angles

M .
sin(90°-6) = cos &
easy rules for any acute angle 6

® | cos(90°-6) = Sirie (Refer to compound angle formulae)
tan(90 _H) :W

@‘ Finding values using special angles (30°, 60°, 45°)

I The following angles have values that are easily remembered (without using

calculator).
45°
J2
1
] 45°
1
M T T T
or (ra = or — = or — = or —
(°) or (rad) | 8=30° 6=60° g =45°
6 3 4
¢in @ 1 V3 By
2 2 J2
030 V3 1 1
2 2 J2
1
tan @ —_— \/5 1
J3
ExamTrr T 5=

The table lists the values of all 3 trigonometric ratios for these special angles. You can also remember
the ratios (of the length) of the 2 triangles and just apply the basic trigonometric rules.
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STOP AND THINK

[Q] Find, without using a calculator, the values of the following:
(a) cos(-120°)

(b) tan480°
(¢) sin750°

CSOLUTION >

(a) cos(—120°) = cos120° (2“d quadrant, cosine is —ve, a =60 °)
= —cos60°
=-1 (Ans)

(b) 480°> 360°

480°-360°=120° (2"! quadrant, tangent is -ve, a =60
tan 480°= -tan60°

=-y3 (Ans)

(c) 750°>720°

750°-720°=30°
sin750°=sin 30°

1
§ (Ans)

STOP AND THINK

[Q] Find, without using a calculator, the exact value of
c0s60° +sin120° - cos45° + sin 225°.

< SOLUTION >
c0s60° +sin120° — cos 45° + sin 225°
=¢0s60° +sin60° —cos45° —sin45°

1 43 1 1

+ _ —
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8— SOLVING TRIGONOMETRIC EQUATIONS

Objective:  Solve unknown angles (in degree or radians) when values of trigonometric ratios are given

M  The procedure for obtaining the solution of the basic trigonometric equations of

the form sinf=Fk |, etc are as follows:

©® Identify all possible quadrants in which & lies.
® Find the basic angle a.

® Find all the values of 8 in the required interval.

CEXAMPLE >

To solve: sing = %
— basic angle, a =sin™t L

nN

(from calculator) =30°

Since sind has positive value, another answer is from the 2nd quadrant:
180°-30°=150°. O & 30 or 150

ExamTip T 5>

6 must be measured from the positive x-axis. Always round off the angles (in degrees) to 1 decimal
place.

For angles in radian, the procedure of solving is the same. The only difference is to adjust the
calculator to radian mode.

STOP AND THINK

[Q] Solve for 0°<x<360°, cos2x=-0.34.

SOLUTION

® Identify quadrants:

cos2x is negative = 2x lies in either 2™ or 3" quadrant.

® Find basic angle:

From calculator, basic angle, a = cos™'(0.34)
=7012°

® 0°<x<360° = 0°<2x<720°

0 2% 180- 7012 , 180+ 7012, 360+ (180- 7012 ), 360+ (180 + 70.12)
=109.88°, 250.12°, 469.88°, 610.12°
x=549° 125.1°, 234.9°, 305.1° (1dp) (Ans)



=

GCE ‘O’ LEVEL
Additional Mathematics KEY+-POINTS

8— TRIGONOMETRIC GRAPHS

Objective:

) No. 14 Trigonometry

Draw the 3 basic trigo curves and extend the knowledge to transforming the trigo curves

d Understanding basic trigonometric curves:

M  Graph of sine curve, (y=sinf):
Note: —1<sinfd<1 v
sin@ has
max. value =1 1p---- .
min. value = -1 |
When sin8=0 range ! ' >
0° 90° 18% 2170° 0°
6=0°, 180°, 360° ; :
| SRR, ;
l<—— period = 360° —
M  Graph of cosine curve, (y=cosf):
Note: —1<cosé@<1 7
cos @ has 1
max. value =1 i
min. value = -1 E
range - — —t—
When cos8=0 0 9 1%0 0° 360° «x
8=90°, 270° |
—1f---m-
<—— period = 360° —
[/ Graph of tangent curve, (y=tan8):
y ; |
Notes: b/ — 2257 |
» tan@can take any real value. ! P ) _
« tan@is undefined for 0° 9p° A80° 270° ! /460° x
6=90°, 270° o A 173150
» The curve approaches the lines i |
#=90° and 8=270°. i i
These lines are called asymptotes. ' !
When tang=0 : !
6=0°. 1 o o P E—— '
0%, 180°, 360 period = 180°
ExamTip T 5=

Just use calculator to plug in all the degrees and you can draw these 3 curves.

The negative degrees have the same pattern.
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d Applications of trigonometric functions

) No. 14 Trigonometry

M  Graph of y=sinnx, y =cosnx, wheren >0:

YA
1 y = coSnx
0° 90 180% 0° 60°
n n n n
-1 y =sinnx
~<—— period = —3‘;00
M  Graph of y=tannx, wheren >0:
yA i ;
1 1
1 1
1 1
1 1
1 1
] 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
- : >
0 90° 80°  270° /B60°
{’L n ln’ n
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
! !
— "

ExamTip T 5=

period = %

The basic trigonometric functions take the form of y =sinx, y =cosx and y =tanx. When
changing x, only the periods are changed, the patterns remain the same (as shown above).

Besides changing x, the trigonometric functions can be in the form of y =asinx +b (same for
cosine and tangent) where a and b are real numbers. Here, the curves will transform and/or shift

up or down along the

y-axis.
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STOP AND THINK

[Q] Sketch the graph of y=1 +%|cosx| for the domain 0°<x <360° and state the range

corresponding to the given domain.

SOLUTION
v
1
11 y=1+3|cosx|
2 W 2
1, P -y =|cosx]
RN e
2 T N |cos
NS N\ _
0° 90° 180° 270° 360° «
-1

=

Range of y:1+%|cosx| is 1sy<ly (Ans)



